Abstract. Following an idea of Kontsevich, we introduce and study the notion of formal completion of a compactly generated (by a set of objects) enhanced triangulated category along a full thick essentially small triangulated subcategory.
Introduction
In this paper we introduce and study the notion of formal completion of a (compactly generated) triangulated category along a (full thick essentially small) triangulated subcategory.
The original idea belongs to M. Kontsevich [Ko1, Ko2] .
Our construction requires DG enhancement [BK] and is built on the notion of derived double centralizer. We illustrate it as follows. to be the formal completion of D(A) along T .
In Section 3 we define, more generally, the notion of formal completion D T of a compactly generated enhanced triangulated category D along full thick essentially small triangulated subcategory T ⊂ D. This formal completion comes equipped with "restriction functor"
One of the main results of this paper is the following theorem (see Theorem 5.4), which relates our construction with ordinary formal completions of Noetherian schemes. For a separated Noetherian scheme X, we denote by D(X) := D(QCoh X) the derived category of quasi-coherent sheaves on X.
Theorem 1.1. Let X be a separated Noetherian scheme, and Y ⊂ X a closed subscheme. Then we have the following commutative diagram:
(1.4)
Here D alg ( X Y ) is algebraizable derived category of X Y (it is defined in Subsection 5.2).
We have the following Corollaries (see Corollaries 5.6 and 5.7). Corollary 1.2. Let R be a regular commutative Noetherian k -algebra, and M ∈ D f.g. (R) ∼ = D b coh (Spec R) be a complex of R -modules with finitely generated cohomology.
Denote by I ⊂ R the annihilator of H · (M ), so that V ( √ I) ⊂ Spec R is precisely the support of H · (M ). Then we have an isomorphism
where the RHS is the ordinary I -adic completion.
Corollary 1.3. Let R be commutative Noetherian k -algebra, and I ⊂ R an ideal. Assume that either R or R/I is regular. Then we have an isomorphism
where the RHS is ordinary I -adic completion.
Moreover, Proposition 5.8 below shows that Corollary 1.3 fails to hold if we drop the regularity assumption.
We also relate our construction to Beilinson-Parshin adeles [Be, P] (see Section 6 for definitions and notation). The paper is organized as follows.
In Section 2 we recall some preliminaries on DG categories.
Section 3 is devoted to the definition of categorical formal completion (and in particular derived double centralizers) and all necessary checkings which show that it is well-defined.
In Section 4 we investigate various properties of formal completions. In particular, we
show (Theorem 4.1) that under some natural assumptions on T ⊂ D, the restriction of the functor κ * : D → D T to the subcategory T is full and faithful. Moreover, under the same assumptions the functor
is an equivalence. 
Preliminaries
Fix some base commutative ring k. All DG categories under consideration will be over k.
All DG modules which we consider will be right DG modules. In particular, for A ∈ dgcat k , we denote by D(A) the derived category of right DG A -modules. Also, denote by A-mod the DG category of right A -modules.
Definition 2.1. Let A be a DG category. A DG module M ∈ A-mod is called hprojective (resp. h-injective) if for any acyclic DG module N ∈ A-mod the complex
h-inj(A) ⊂ A-mod ) the full DG subcategory which consists of h-projective (resp. h-injective) DG modules.
We also call M ∈ A-mod h-flat if for any acyclic N ∈ A op -mod the complex M ⊗ A N of k -modules is also acyclic.
It is easy to see that all h-projective DG modules are also h-flat.
Denote by dgcat k the category of small DG k -linear categories. It has natural model category structure [T] , with weak equivalences being quasi-equivalences. All DG categories are fibrant in this model structure.
We call DG category A ∈ dgcat k h-flat (over k ) if all complexes Hom A (X, Y ), X, Y ∈ Ob(A), are h-flat k -modules. We define h-projective (over k ) DG categories in the same way. All cofibrant DG categories are h-projective, hence h-flat. In particular, each DG category is quasi-equivalent to an h-flat one.
Definition 2.2. Let A ∈ dgcat k be an h-flat DG category. We say that A is smooth (over k ) if I A ∈ Perf(A op ⊗ A), where
An arbitrary DG category A ∈ dgcat k is said to be smooth if it is quasi-equivalent to smooth h-flat DG category.
There is an alternative nice well-known definition of smooth DG categories.
Proposition 2.3. Let A ∈ dgcat k be a DG category. Then the following are equivalent: (i) A is smooth;
(ii) For any h-flat B ∈ dgcat k , and any object M ∈ D(A ⊗ B) such that M (X, −) ∈ Perf(B) for all X ∈ Ob(A), we have that M ∈ Perf(A ⊗ B).
Proof. This is straightforward.
Corollary 2.4. If A 1 , A 2 ∈ dgcat k are Morita equivalent and A 1 is smooth, then so is A 2 .
Proof. This follows directly from 2.3.
Lemma 2.5. Let A ∈ dgcat k be a smooth DG category. Then it is Morita equivalent to some (smooth) DG algebra.
Proof. It suffices to show that the category D(A) is compactly generated by one object. We may and will assume that A is h-flat. By definition, there exists a finite collection of objects
Definition 2.6. Let A ∈ dgcat k be a DG category. We say that A is proper (over k ) if for any two objects X, Y ∈ Ob(A), the complex Hom A (X, Y ) is a perfect k -module.
We have an analogue of Proposition 2.3.
Proposition 2.7. Let A ∈ dgcat k be a DG category. Then the following are equivalent: (i) A is proper;
(ii) For any h-flat B ∈ dgcat k , and any object M ∈ Perf(A⊗B) we have that M (X, −) ∈ Perf(B) for all X ∈ Ob(A).
Proof. Evident.
Finally, we recall the DG enhancement for the quotient of enhanced triangulated categories. Namely, let D be a compactly generated enhanced triangulated category, and D ′ ⊂ D its localizing subcategory, and assume that D ′ is compactly generated by D ′ ∩ D c .
According to [Ke2, Dr] , the quotient category D/D ′ is also enhanced (and compactly generated by the images of compact objects in D ).
Similarly, if D is essentially small enhanced triangulated category, and D ′ ⊂ D a triangulated subcategory, then the quotient D/D ′ is naturally enhanced.
Definition of categorical formal completion
Fix a base graded commutative ring k.
Let A be a small DG category. We may and will replace it by h-projective quasiequivalent one. All tensor products below are assumed to be over k unless otherwise stated. It is well known that the category D(A) is compactly generated by the set of objects Ob(A), and we have that
see [Ke1] .
Now let S ⊂ D(A) be a full small subcategory (not necessarily triangulated). Choosing an h-projective (resp. h-injective) resolution X of each object X ∈ S, we obtain a DG category B S with
Lemma 3.1. The DG category B S is well-defined up to a quasi-equivalence.
Proof. Let S 1 , S 2 ⊂ A-mod be two full DG subcategories, such that for i = 1, 2 we have
such that for each X ∈ Ob(S 1 ) the object Ψ(X) is quasi-isomorphic to X.
We may and will assume that either S 1 ⊂ h-proj(A), or S 2 ⊂ h-inj(A). Then we may and will choose quasi-isomorphisms
Let S be a DG category, defined as follows. First, Ob( S) = Ob(S 1 ). Further, define
to be the subcomplex which consists of morphisms mapping Ψ(X) to Ψ(Y ). Clearly, S is a well-defined DG category. Further, we have obvious projection DG functors (3.5)
We claim that both π 1 and π 2 are quasi-equivalences. Indeed, by our assumption, for any objects X ∈ S 1 , Y ∈ S 2 we have that the complexes
are acyclic. Therefore, the maps
are surjective with acyclic kernels, hence quasi-isomorphisms.
Lemma is proved.
We may consider S as an object of D(A ⊗ B op S ). Namely, we put
are h-projective (resp. h-injective). For instance, we can take Q to be h-projective (resp. h-injective) itself. Further, define DG category A S as follows:
Proposition 3.2. 1) The DG category A S is well defined up to a natural isomorphism in Ho(dgcat k ).
2) Moreover, if two subcategories S 1 , S 2 ⊂ D(A) split-generate each other, then we have a natural isomorphism
Proof. Statement 1) almost follows from Lemma 3.1. Indeed, let Q 1 .Q 2 ∈ (A ⊗ B op S )-mod be objects which are both quasi-isomorphic to S, Q 1 is h-projective, and Q 2 satisfies the assumptions for Q above. Then we have a natural (up to homotopy) quasi-isomorphism α : Q 1 → Q 2 , and we can repeat the proof of Lemma 3.1.
Now we prove 2). Let
) by the formula
Since S 1 and S 2 split-generate each other, we have that the bimodule M induces an
Further, we have natural evaluation morphism
We claim that this is an isomorphism. Before we prove this, we note that this would finish the proof of part 2) of Proposition. Now, note that for each N ∈ D(A), we have evaluation morphism
Note that ev N is an isomorphism for N ∈ S 1 . But S 1 split-generates S 2 . Therefore, ev N is an isomorphism for each object of S 2 . Hence, the map (3.14) is an isomorphism.
Proposition is proved.
Note that we have a natural DG functor ι S : A → A S , which is identity on objects. It is easily seen from the proof of Proposition 3.2 2) that in the situation of Proposition 3.2
2), we have a commutative diagram in Ho(dgcat) :
Therefore, for any full thick essentially small triangulated subcategory T ⊂ D(A) we have a naturally defined (up to quasi-equivalence) DG category A T , together with a mor-
More precisely, one can choose any small subcategory S ⊂ T , which generates T , and put (3.17)
Definition 3.3. For any small DG category A ∈ dgcat k , and any full thick essentially small subcategory T ⊂ D(A), we call the DG category A T "derived double centralizer of
Next Proposition shows that the introduced notion of formal completion is Morita invariant.
Proposition 3.4. Suppose that DG categories A 1 and A 2 are Morita equivalent. Let 
Proof. We may and will assume that A i ∈ dgcat k are h-projective DG categories. Let
Then the category D(A 2 ) is compactly generated by the set of objects {M (U, −) ∈ D(A 2 ), U ∈ A 1 }. Thus, we may assume that A 1 ⊂ h-proj(A 2 ), and the quasi-inverse to (3.19) is given by the formula
Now choose any small subcategory S 2 ⊂ T 2 , which split-generates T 2 , and choose hprojective resolution X → X of each object X ∈ S 2 . This choice defines the DG category B S 2 , and the bimodule
). Now, a choice of an h-projective resolution
Choose an h-projective resolution
Since A 1 and A 2 split-generate each other in D(A 2 ), we have that the functor (3.22) is an equivalence. It is straightforward to show that the following diagram commutes up to a natural isomorphism (3.23)
Now we introduce the main notion of the paper.
Definition 3.5. Let D be an enhanced triangulated category with infinite direct sums, which is compactly generated by a set of objects. Let T ⊂ D be an essentially small full thick triangulated subcategory. We define the formal completion 
Theorem 3.6. In the notation of Definition 3.5, the category D T is well-defined up to an equivalence, compatible with the functor κ * :
The category D T is enhanced, admits infinite direct sums, and is compactly generated by a set of objects. The functor κ * commutes with infinite direct sums and preserves compact
Proof. The first statement follows from Proposition 3.4, since different sets of compact generators yield Morita equivalent DG categories.
The other statements follow directly from definition.
It is convenient to introduce one more definition.
Definition 3.7. Let D be an essentially small Karoubian complete enhanced triangulated category, and T ⊂ D be a full thick triangulated subcategory. Define the formal completion Then put
Remark 3.8. If D is a compactly generated triangulated category and T ⊂ D c is an essentially small full thick subcategory, then we have
Properties of categorical formal completion
In this section we study various properties of formal completions of categories along subcategories.
All categories are supposed to be enhanced. Further, by a "compactly generated triangulated category" we mean a "triangulated category with infinite direct sums, which is compactly generated by a set of objects". (ii) The functor κ * :
(iii) Let T ′ ⊂ T be a full thick triangulated subcategory. Then there is a natural equiva-
Proof. We may and will assume that D = D(A) for some small h-flat DG category A, and the subcategory T ∩ D c ⊂ D is split-generated by the full DG subcategory A ′ ⊂ A.
Let B ⊂ h-proj(A) be a small DG subcategory, which split-generates T . We may and will
Choose an h-projective resolution Q → M. It gives the DG model for A T :
For X ∈ A, X ′ ∈ A ′ , we have the following isomorphisms in D(k) :
Isomorphisms (4.3) imply in particular that the functor κ * is full and faithful on T ∩ D c .
Moreover, since κ * preserves compact objects, it is also full and faithful on the smallest localizing subcategory containing T ∩ D c . In particular, by our assumption, it is full and faithful on T . This proves (i).
Further, (4.3) also implies that the maps
. Since X and κ * (X) are compact, the maps (4.4) are also isomorphisms for Y in the smallest localizing subcategory containing T ∩ D c , and in particular for Y ∈ T . This easily implies both (ii) and (iii). Theorem is proved.
Proposition 4.2. Let A be a small DG category, and let {T β ⊂ D(A)} β∈B be a (small) collection of mutually orthogonal full thick essentially small triangulated subcategories. Denote by T ⊂ D(A) the full thick triangulated subcategory classically generated by all T β .
Then there is a natural isomorphism in Ho(dgcat k ) :
Proof. This can be easily seen if we choose generating subset S ⊂ Ob(T ) to be the disjoint union of generating subsets S β ⊂ Ob(T β ).
Proposition 4.3. Let T be an essentially small Karoubian complete triangulated category, and suppose that we have a semi-orthogonal decomposition T = S 1 , S 2 , so that
Then we have natural equivalence T S 1 ∼ = S 1 , and the corresponding functor κ * : T → S 1 = T S 1 is the semi-orthogonal projection.
Proof. By Lemma 2.5, we may (and will) assume that T = Perf(A) for some small DG category A, and S i ⊂ T is generated by DG subcategory A i ⊂ A.
We may assume that Ob(A) = Ob(A 1 ) ⊔ Ob(A 2 ). Further, we may assume that Hom A (X, Y ) = 0 for X ∈ A 2 , Y ∈ A 1 . With these assumptions, Proposition follows directly from definitions.
Proposition 4.4. 1) Let T be some smooth and proper pre-triangulated DG category, and S ⊂ Ho(T ) a full thick triangulated subcategory. Then we have a natural equivalence
2) If we drop the assumption of either properness or smoothness, then Proposition fails to hold.
Proof. 1) We may assume that T = Perf(A) for smooth and proper DG algebra A. Then
is the subcategory of DG modules which are perfect as k -modules. Therefore, we have an equivalence
Denote by S * the image of S under this equivalence. Then, it is easy to see that
This proves part 1) of Proposition.
2) To prove part 2), we first give an example when T is proper but not smooth, and
Proposition does not hold. Define the DG category A as follows. Put Ob(A) := {X 1 , X 2 }, and
The differential is identically zero and the composition is the only possible one. Put T = Perf(A), and take S ⊂ T to be subcategory generated by X 1 . Then it is straightforward to check that (4.9)
Hence, there is no equivalence between ( T S ) op and T op S op .
Now we give an example when T is smooth (and even homotopically finitely presented)
but not proper, and Proposition does not hold.
Take the DG category B with two objects Y 1 , Y 2 , which is a free k -linear category concentrated in degree zero with generators
. Take S ⊂ T to be subcategory generated by Y 1 . Then we have that (4.10)
where M ∞ (k) is the endomorphism algebra of free countably generated k -module. Hence, there is no equivalence between ( T S ) op and T op S op .
Relation to formal completions of Noetherian schemes
Before we formnulate and prove main result of this section, we would like to proof a general result which relates double centralizers and homotopy limits of DG algebras.
5.1. Double centralizers and homotopy limits. Let I be a small category. Denote by dgalg I k the category of functors I → dgalg k . Take some {A i } i∈I ∈ dgalg I k . Then there exists a homotopy limit
We would like to write it in explicit form.
Definition 5.1. For a morphism s : x → y in the category I, we put r(s) := y, l(s) = x. We denote by Mor(I) the set of non-identical morphisms in I.
We put
For a ∈ A, we denote by a sp,...,s 1 ∈ A r(sp) , a x ∈ A x the corresponding components. It is convenient to consider components a x to be corresponding to empty paths in I, with final object x . With this in mind, the differential and the composition are defined as follows.
For homogeneous a, b ∈ A,
whereā (resp.b ) denote the degree of a (resp. b ).
Now suppose that we have a compatible system of morphisms f x : B → A x , x ∈ I, in dgalg k (i.e. sf x = f y for s : x → y ). Then we have natural morphism f : B → A = holim I A i , given by the formula
f (b) sp,...,s 1 = 0 for p > 0.
Now suppose that we have also a functor I op → Z 0 (C-Mod), x → M x , where C is some DG category, and Z 0 (C-Mod) is the abelian category of right DG C -modules. Then there exists a homotopy colimit
Again, we can write M explicitly as follows:
For m ∈ M r(sp) (X) (resp. m ∈ M x (X) ) we denote by m sp,...,s 1 ∈ M (X) (resp. m x ∈ M (X) ) the corresponding elements with only one component. Again, it is convenient to consider m x to be corresponding to an empty path in I, with final object x . Suppose that we have a compatible system of morphisms g : M x → N for some DG module N (i.e. g x s = g y for s ∈ Hom I (x, y) ). Then we have natural morphism g : M = hocolim I op M x → N, given by the formula
f (m sp,...,s 1 ) = 0 for p > 0. Now, suppose that, with the above notation, we have a system of morphisms of DG algebras ϕ x : A op x → End C (M x ), x ∈ I, which are compatible in the following sense:
Then we have a natural morphism (5.12)
Explicitly, for homogeneous a ∈ A, m sp,...,s 1 ∈ M (X), we have
Now we are ready to formulate and prove our main technical result.
Lemma 5.2. Let A be a DG algebra, T ⊂ D(A) a full thick essentially small triangulated subcategory. Suppose that I is a small category, {A x } x∈I ∈ dgalg I k , and we have a compatible system of morphisms f : A → A x , x ∈ I. Assume that all A x lie in T as right DG A -modules, and for any E ∈ T the natural map (5.14)
(5.15)
Proof. Choose some set of h-injective A op -modules which generate T , and denote by D the corresponding DG category. Then by our assumptions, we have natural quasi-isomorphism of DG D -modules:
Therefore, we have natural isomorphism in Ho(dgalg) :
We have natural compatible system of morphisms of DG algebras:
Therefore, as in (5.12), we have natural morphism
Composing it with natural map from End to R End (in Ho(dgalg k ) ) and (5.17), we obtain a natural morphism
To conclude that (5.20) is an isomorphism, it suffices to note the following chain of isomor-
It is easy to check that the composition (5.22) is inverse (in D(k) ) to the morphism of DG algebras (5.20), so we obtain the desired isomorphism in Ho(dgalg). Commutativity of (5.15) is straightforward to check.
5.2. Algebraizable derived categories of formal completions of schemes. Let X be a separated Noetherian k -scheme. Recall that [BvdB] D(X) = D(QCoh(X)), the derived category of quasi-coherent sheaves on X, is compactly generated by one object, and
More precisely, they prove this for the category D qch (X) of complexes of O X -modules with quasi-coherent cohomology, but for X separated the latter category is known to be equivalent to D(QCoh(X)) (see [BvdB] ). Now let Y ⊂ X a closed subscheme. We would like to define the algebraizable derived
Denote by Y n ⊂ X the n -th infinitesimal neighborhood of Y, with ideal sheaf I n Y . Denote by ι n,n+1 : Y n → Y n+1 , ι n : Y n → X the natural inclusions. Choose some DG enhancements for Perf(X) and Perf(Y n ), with DG enhancements of functors Lι * n , Lι * n,n+1 (we write the corresponding DG functors in the same way), so that we have equalities of DG functors Lι * n = Lι * n,n+1 Lι * n+1 . Denote by R Hom(−, −) the complexes of morphisms in the corresponding DG enhancements.
Define the DG category Perf alg ( X Y ) as follows. Its objects are the same as in Perf(X).
Further, for E, F ∈ Perf(X), we put
Composition are defined in the obvious way (as in the case of homotopy limits of DG algebras). Define algebraizable derived category by the formula
We have an obvious DG functor
and the corresponding functor
Remark 5.3. In the case when X = Spec (A) is affine, and Y = Spec (A/I), we easily see that
where A I = lim n A/I n is the I -adic completion of A. The functor κ * in this case is just the restriction of scalars for the natural morphism A → A I .
Theorem 5.4. Let X be a separated Noetherian scheme, and Y ⊂ X a closed subscheme. Then we have the following commutative diagram:
Proof. We follow notation above the theorem. Choose a generator F ∈ Perf(X). Then
We have obvious morphisms Lι * n,n+1 : By adjunction, A n ∼ = R Hom(F, ι n * Lι * n F) ∈ T . We claim that the data of A, {A n } n∈N ∈ dgalg N op k , T ⊂ D(A) and morphisms (5.30) satisfies the assumptions of Lemma 5.2. Indeed, by Grothendieck Theorem [Gr] , for any G ∈ Perf(X), E ∈ D Y (X) we have an isomorphism in D(X) :
Moreover, since the functor RΓ commutes with infinite direct sums, we have a chain of isomorphisms in D(k) :
Therefore, we have the following isomorphisms:
Hence, the assumptions of Lemma 5.2 are satisfied. Applying it, we obtain the chain of
The last equivalence follows from the observation that κ * (F) ∈ Perf alg ( X Y ) is a compact generator of D alg (X) and
Commutativity of (5.28) is straightforward.
Corollary 5.5. Let X be a separated Noetherian scheme, and Y ⊂ X a closed subscheme. Then
1) The restriction of the functor Lκ * :
2) The functor
is an equivalence.
Proof. Recall that the category D Y (X) is compactly generated by Perf Y (X) ⊂ D b coh,Y (X) [AJPV] Hence, both 1) and 2) are direct consequences of Theorems 5.4 and 4.1.
We have a nice corollary for completions of regular Noetherian k -algebras.
Corollary 5.6. Let R be a regular commutative Noetherian k -algebra, and
coh (Spec R) be a complex of R -modules with finitely generated cohomology. Denote by I ⊂ R the annihilator of H · (M ), so that V ( √ I) ⊂ Spec R is precisely the support of M. Then we have an isomorphism
Proof. By a Theorem of Hopkins [Ho] and Neeman [Nee] , all full thick triangulated subcategories of Perf(R) ∼ = Perf(Spec R) generated by one object are of the form Perf Z (Spec R) (perfect complexes with cohomology supported on Z ) for a closed subset Z ⊂ Spec R.
Further, since R is regular, we have that
. It remains to apply Theorem 5.4.
Corollary 5.7. Let R be commutative Noetherian k -algebra, and I ⊂ R an ideal. Assume that either R or R/I is regular. Then we have an isomorphism
Proof. If R is regular, the isomorphism follows from Corollary 5.6. Assume that R/I is regular.
Put X := Spec (R), and
, which generate the whole subcategory D b coh,Y (X). Therefore, the assertion follows from Theorem 5.4.
The following Proposition shows that in the Corollary 5.7 one cannot drop the assumption of regularity.
Proposition 5.8. 1) Let R be some commutative algebra over a field k, and M an R -module. Denote byR the split square-zero extension of R by M. The following are equivalent:
(ii) The following are isomorphisms in D(R) :
Here tensor products are over R and (−) ∨ = R Hom R (−, R).
Proof. 1) Let A be any DG algebra, and N a DG A -module. Then we can treat A as an A ∞ -algebra, and N as a right A ∞ -module over A. Denote by A-mod ∞ the DG category of right A ∞ -modules over A. We put (5.42)
Further, we have obvious projection morphism of DG algebras B N → End k (N ), hence N is naturally a DG module over B op N . We put (5.43)
Then A M is a DG model for derived double centralizer of M. We have a natural
Now put A :=R, and N := R. Then DG algebra B N as a complex can be decomposed into the product of complexes:
Further, the DG algebra R R as a complex can be decomposed into the product of complexes:
It is straightforward to observe the following isomorphisms in D(k) :
Thus, (i) holds iff the map (5.40) is an isomorphism, and all the complexes D n , n ≥ 2, are acyclic. Further, it is straightforward to show by induction on m ≥ 2 that the following are equivalent:
(iii) the map (5.40) and (5.41) for 2 ≤ n ≤ m are isomorphisms;
(iv) the map (5.40) is an isomorphism and the complexes D n , 2 ≤ n ≤ m, are acyclic.
2) We claim that in the case R = k[x]/(x 2 ) and M = k the map
is not an isomorphism. Indeed, we have isomorphisms in D(R) :
Therefore, according to 1), the mapR → R R is not an isomorphism. Proposition is proved.
6. Beilinson-Parshin adeles and categorical formal completions.
Let X be a separated Noetherian k -scheme of finite Crull dimension d.
We first recall reduced Beilinson-Parshin adeles of X [Be, P] . Denote by P (X) the set of all schematic points of X. Put
Also, for η ∈ P (X), denote by j η : Spec (O η ) → X the natural map. Denote by m η ⊂ O η the unique maximal ideal.
For each subset T ⊂ S(X) p , 0 ≤ p ≤ d = dim X, we will define a functor
exact and commuting with infinite direct sums (hence commuting with small colimits).
Since each quasi-coherent sheaf is a union of its coherent subsheaves, it suffices to define the functor A T (X, −) for coherent sheaves.
We define these functors by induction on p. For p = 0, T ⊂ S(X) 0 = P (X), and
With above said, this defines uniquely the functor (6.3) for p = 0. It is easy to check that it is exact and commutes with small colimits.
This defines uniquely the functor (6.3) for all T ⊂ P (X), p > 0, and by induction we see that A T (X, −) is exact and commutes with small colimits.
Further, put
Clearly, we have
It is easy to see that for all T ⊂ S(X) p , the k -module A T (X, O X ) is naturally a commutative k -algebra. Further, for all quasi-coherent F the k -module A T (X, F) is naturally an A T (X, O X ) -module. For convenience, we put
To formulate main result of this section, we would like to use the following notation. If
is a functor between compactly generated triangulated categories, and S ⊂ T 1 is an essentially small Karoubian complete triangulated subcategory (resp. localizing subcategory), then we put (6.10)
where F (S) is subcategory classically generated by F (S) (resp. smallest localizing subcategory containing F (S) ).
Denote by D b coh,≤p (X) ⊂ D b coh (X) the full subcategory consisting of complexes, for which the dimension of support of cohomology is not greater than p. Further, Denote by D ≤p (X) ⊂ D(X) the smallest localizing subcategory, which contains D b coh,≤k (X). It is clear that D ≤k (X) is compactly generated by Perf ≤k (X) = Perf(X) ∩ D b coh,≤k (X).
For p > 0, there is a natural commutative diagram (6.12)
Proof. First we prove (6.11).
Lemma 6.2. 1) The functor
is the projection onto the right orthogonal to D ≤(k 0 −1) (X). In particular, it induces a fully
2) The images of
coh,η i (X) for i = 1, 2, then we have (6.14)
Proof. 1) By adjunction, for any η ∈ S(X) (k 0 ) and F ∈ D(X) ≤k 0 we have that j η * (F η ) is right orthogonal to D(X) ≤(k 0 −1) . It remains to note that the cone of the natural morphism
3) follow from 1) easily.
Let E ∈ Perf(X) be a generator. 
Fix some η ∈ S(X) (k 0 ) and put Y := η. We claim that A Tη ∼ = R End Oη ( E η ). This can be shown as follows. Denote by Y l the infinitesimal neighborhoods of Y, ι l : Y l → X the inclusions, and
k , and we have a compatible system of morphisms A → A l . Further, there are isomorphisms
coh,Y (X), we have the following chain of isomorphisms:
Hence, by Lemma 5.2, we have
According to (6.16), we have that (6.20) 
Further, by definition,
. Hence, we have equivalences
and commutativity of (6.11) is straightforward.
Now we prove (6.12). We have the morphisms of algebras
Note that we have the following isomorphisms of functors
2) The objects A(X, F) (k 1 ,...,kp) , where
coh,η i (X) for i = 1, 2, then we have
Proof. 1) We have the following chain of isomorphisms 3) Using 1) and the chain (6.28), we see that (6.29) Hom D(A(X) (k 1 ,...,kp) )/D ≤(k 0 −1) (X) (A(X, F 1 ) (k 1 ,...,kp) , A(X, F 2 ) (k 1 ,...,kp) ) ∼ = Hom A(X) (k 1 ,...,kp) (A (X, F 1 ) (k 1 ,...,kp) , A(X, j η 2 * F 2η 2 ) (k 1 ,...,kp) ) ∼ = Hom A(X,jη 2 * Oη 2 ) (k 1 ,...,kp) (A(X, j η 2 * O η 2 ) (k 1 Fix some η ∈ S(X) (k 0 ) . We claim that B Tη ∼ = lim n A(X, j η * (O η /m n η )) (k 1 ,...,kp) . This can be shown as follows. Put B n := A(X, j η * (O η /m n η )) (k 1 ,...,kp) . Then {B n } n∈N ∈ dgalg Proof. We may assume that F = ι 1 * F ′ for some object F ′ ∈ D b coh (Y ). Denote by π : A(X) (k 1 ,...,kp) → A(Y ) (k 1 ,...,kp) the natural projection, and let and commutativity of (6.12) is straightforward to check.
